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1 Definitions

You all should have at least heard about complex numbers in an algebra class some time, but let’s
review anyway.

We define the number i = /—1. A complex number is defined as a number of the form a + bi,
where a and b are real numbers. This number, commonly denoted as z, is clearly real if b = 0,
and is called pure imaginary if a = 0. The term imaginary number is reserved for a number where
b # 0. All of these numbers, with no restrictions on a and b, are called complex. The set of real
numbers is denoted R, while the set of complex numbers is denoted C.

If we want to know the a in a + bi, we simply use the function R(z), which returns a. Similarly,
the function ¥(z) will return b (but not bi). Both of these functions have domain of the complex
numbers and range of the real numbers.

1.1 Addition, Subtraction, Multiplication, Division, and Conjugates

Adding or subtracting complex numbers is easy: We just add or subtract their real and imaginary
components. So (a1 + b1i) £ (ag + bai) = (a1 £ az) + (b1 £ ba)i.

Multiplying complex numbers is just like multiplying expressions like 4+ 3 and = — 2 except
that if both are imaginary, we must use the identity i2 = —1. For example, (2 + 3i)(5 — 6i) =
10 — 120 + 153 — 182 = 10 + 37 + 18 = 28 + 3i.

Division is a bit harder. We can treat it just like multiplication if we can find the multiplicative
inverse of a + bi, or 1/(a + bi). This is similar to rationalizing denominators like a + by/c: We just
need to take the conjugate of a+ bi, or a — bi. Multiplying numerator and denominator by this, we
get

r a—b B a—bi _a—bi a b .
atbi  (atbi)(a—bi) a®—abitabi—b22 a2+ aZ+b2 2402
Since a and b are real, these quotients are real, so this is of the form we want. Now we just need
to multiply this multiplicative inverse by whatever we were dividing a + b: into.
As an example, we have
10+5i  (10+5i)(3444) 10+ 55i

3—4i 32 442 25

= .4+ 2.2

1.2 More about Conjugates

If z = a+bi, we write Z = a — bi. This conjugate “z-bar” can be defined by z = R(z) — J(2)i. Note
that z +Z = 2R(2) € R, while (z — 2)i = 2i®°3(2z) € R. As we found above, if we multiply 2%, we
get a® + b%, a real number. In fact, as we’ll prove later, the only numbers w such that wz € R are
of the form kZ, where k is a real number.



Conjugation has other useful properties, especially that the conjugate of the sum, difference,
product, or quotient of two numbers is the sum, product or quotient, respectively, of the conjugates
of those two numbers. For the sum or difference,

21t 20 = ay+biitas kb
= (a1 £ az)+ (by £ by)i
= (a1 £ az) — (by £by)i
= (a1 — b17) £ (ag — boi)

= Z1£7,

as desired. We could also have added z; £ 29 to both sides, yielding a; + as on both sides, as
desired. We will prove the other two as examples.

1. Find the conjugate of (1 + i)3.
2. Divide 17 — 3i by —7 + i.

3. Prove that z7 - 23 = z71 - z5.

=

. Prove that z1/2z9 = Z1/%.

2 Complex Numbers in Polynomials

We started by defining i such that i24+1 = 0. Thus, 4 and —i are the roots to the polynomial 24 1.
We can see from the quadratic formula that all quadratics az? + bx + ¢ have exactly two complex
roots (which is a double root if b = 4ac). For example, the quadratic 322 — 52 + 3 has roots

—bE VB —dac _ 5+£25-36 _ 5 VII

5 5 1, a complex conjugate pair. In fact, the Complex
Conjug%te Theorem claims that if z is a root of a polynomial with real coefficients, then Z is
also a root.

Let’s prove the Complex Conjugate Theorem. In general, our polynomial will look like f(z) =
anx™ + ap_12" '+ - + a1z + ap. If z is a root, then

2"+ ap12"" '+ F+aiz+ay =

a2z +ap_12" 1+ t+az+ay =
"+ ap1 2"t @iz tag =
G(2) "+ a1+ @m(z) +a =

anZ" + an 12" '+t az+ayg =

o O O O O

so indeed, Z is a root.

Now, the Fundamental Theorem of Algebra states that every polynomial of degree n with
complex coefficients has n complex roots, counting multiplicities. This means that we can write
the polynomial f(x) as

f(x) = an(z —ri)(@ —r2) - (2 — 1),
with the r; being the roots. But above we found that if z = a+bi is an imaginary root, then Z is also
a oot and is different from z. We have (z —2)(z —%) = 2% — 22 —Zx+2%Z = 22 — 2ax +a® + b%, which
is a quadratic with real coefficients. Thus, by combining all imaginary roots with their conjugates,
we can say that every polynomial with real coefficients can be factored as a product of polynomials
with real coefficients and degrees at most two.



1. Factor 22* — 1722 + 5722 — 97z — 65 completely using the fact that 2 + 3i is a root.
2. Prove that every polynomial with odd degree has at least one real root.

3. Factor z* 4 64 as a product of two quadratics using the fact that its roots are +2 + 2i (for
all four combinations of the two ).

3 The Complex Plane

We also have another way of representing complex numbers. The complezx plane is defined similarly
to Cartesian coordinates: Number z = a + bi corresponds to point (a,b). This is simple enough: 0
is the origin; the set of real numbers is the z-axis (now we call it the real axis) and the set of pure
imaginary numbers is the y-axis (or the imaginary azxis). Conjugation is merely reflection across
the real axis.

In messing with coordinates in your math class, you probably were introduced to polar coordi-
nates, where every point P is represented by two numbers r and 8, where r is its distance from the
origin O and 6 is the angle that OP makes with the positive z-axis. The conversion between (a, b)
and (r,0) was simple: 7 = Va2 + b2 and 6 = tan"!(b/a) or a = rcosf and b = rsinf. We can do
the same thing with complex numbers.

The value 7 = Va2 + b2 = /2% is called the magnitude of z, denoted |z|. § = tan~'(b/a) is
called the argument of z, denoted arg z. Since magnitude is a distance, we can write formulas like
the triangle inequality: |z1 + 22| < |21] + |22]. We also notice that |z| = |[Z| = | — 2| since we are
only changing the signs of a and b when we take the conjugate or the negative.

1. Prove that if z corresponds to (r,6) then Z corresponds to (r, —6).
2. Prove that the midpoint of any two numbers z; and zy is given by %

3. What is the locus of points z with |z —i| = 17

4. (UNC) A square P} P, P3P, is drawn in the coordinate plane with P; at (1,0) and Ps at (3,0).
Let P, denote the point (z,yy). Compute the numerical value of the following product of
complex numbers: (x1 + iy1)(x2 + iy2)(x3 + iy3) (4 + iys).

5. Graph on the complex plane the points corresponding to the complex numbers 1, 144, (1+14)2,
(1+4)3 and (1 +14)*. What are the arguments of each of these numbers?



4 DeMoivre’s Theorem

Let’s get back to our conversion from a+bi to (r,0): z = a+bi = rcosf@+risinf = r(cosf+isinb).
The expression cos @ + isin 6 is sometimes abbreviated by cisf, which means we have z = rcisf.
Let’s look at the multiplication of two numbers z; = rq cisf; and z9 = r9 cis 3. We have

2122 = rira(cosfy + isinfy)(cos by + isinby)
(
(
= rira(cos(01 + 02) +isin(61 + 62))
= 7rirgcis (91 + 92),

= ryra(cos by cos by + i cos Oy sin By + i sin 01 cos 5 + i sin 6 sin 62)

= r1ra2((cos by cos By — sin by sin ) + i(cos O1 sin O3 + sin 61 cos H2))

using our trig identities for cos(6;+62) and sin(6;+62). This gives rise to the mnemonic “magnitudes
multiply, angles add.”

If we multiply z = r cis @ by itself, then we get r2cis (26), and in general, then, 2" = r" cis (nf).
Substituting in z = r(cos @ +isin §) and cancelling the r™, we get the integer form of DeMoivre’s
Theorem:

cos(nf) + isin(nf) = (cosh + isinf)". (1)

This is an important statement for trigonometry. For example, let n = 3. Expanding out the RHS
gives

cos30 +isin30 = cos® 0+ 3icos®Osinb + 3i% cosOsin® 6 + i sin® 0
cos30 = cos®f — 3cosfsin’0
cos30 = cos>f — 3cosf(1 — cos®h)
cos30 = 4cos®O — 3cosb, and
sin30 = 3cos®fsinf — sin® 6
sin30 = 3(1 —sin?f)sinf —sin®0
sin30 = 3sinf —4sin’6,

where we have taken the real and imaginary parts of the first equation to find cos 36 and sin 36.
This method is a lot faster than finding cos(20+6), for instance. We can always use this for cos(nf),
but sin(2nf) must be written in terms of cos 6.

Notice that (1) means that cisf behaves similarly to the exponential function e’. Recall the
following Taylor series representations for cosz, sinz, and e*:

N
cosr = 1—54—]—--- (2)
. 3 b
sinx = x—a%—a—"' (3)
x? 2’
et = 1+x+2!+3!+ . (4)



If we combine (2) and (3) to form cis, we get

cis = cosf+isinf
1 0> i6® ot ied
IR R TR T
_ oy (@0)2(@0)° (i0)" | (i6)°
= 1+ (i0) + T TR TR -
— ¢

a surprisingly simple result. In other words, z = re'?. If § =, then e’ = cosm+isinm = —1, so we

can write e/ +1 = 0, a very common equation relating five fundamental numbers in mathematics.
Note that e*™ = ¢% = 1, a question that CSU Math Day often asks. This exponential form of
complex numbers was first proven by Euler.

The broadest definition of DeMoivre’s Theorem actually covers the case of rational powers. We
take a complex number z = rcis @ to fractional powers p/q, with p and ¢ relatively prime integers.
The theorem states that the ¢ numbers (or roots of) zP/9 have polar form (rp/q, p<9+27rk> with

q
k an integer between 0 and ¢ — 1, inclusive.

To prove DeMoivre’s Theorem, we first need to prove that each of these numbers, taken to the
g-th power, are equal to zP. With the re® representation, this is easy:

(pot2nk ) 4 .
<7«p/qel< q >> —  pPei(ph+27k)

= rP(cos(pd + 27k) + isin(ph + 27k))

P (cos(pf) + isin(ph))
rPet?

= Zp’

where we used the fact that the periods of sine and cosine are 27. It is not hard to show that these
numbers are all different: Just take the ratio of any two terms and you get cist where 0 < ¢ < 27
so this cannot be 1 and they are distinct. Moreover, the equation z? = 2P has order ¢, which
means it can have a maximum of ¢ roots, so these are all of the roots. We have proved DeMoivre’s
Theorem.

To be realistic, DeMoivre’s Theorem is implied in the exponential form z = re?’. So is “mag-
nitudes multiply, angles add,” for that matter. So we can sum up our results (apart from the stuff
about cosnf and sinnf) by saying that z = re? is an accurate representation of the polar form of
complex numbers.

1. Prove that z7 - z3 = z7 - 22 using the fact that angles add and magnitudes multiply.
2. Find cos 56 and sin 56 in terms of cosf and sin 8, respectively.

3. What is v/i? Give both values.

4. Prove that the only numbers w such that wz € R are of the form w = kZ.



5 Roots of Unity

Let’s find the n roots of 1, or 1/™. In other words, let’s find the solutions to 2" = 1. From
DeMoivre’s Theorem, we get the n complex numbers e2™/" for k ranging from 0 to n — 1. The
first root is obviously 1, and if n is even, allowing k = n/2 gives us €™ = —1 as a root, as we
would expect. The magnitude of all of these roots is 1, so they lie on the unit circle, and are evenly
spaced. This gives us a regular n-gon with center at 0 and one of the points at 1. For example, the
5th roots of unity are graphed below:

=2

There are a bunch of things we can prove about these numbers. For example, since they satisfy
2" —1 =0, they are paired with their conjugates, with the exception(s) of 1 and possibly -1. We’ll
investigate their properties in some problems.

1. Prove that the product of the n-th roots of unity is (—1)"*+1.
2. Prove that the sum of the n-th roots of unity is 0.
3. Prove that the solutions to ™ = z for complex number z still form a regular n-gon.

4. Prove that if the regular n-gon is moved to be centered at complex number z, then these new
points satisfy (z —2)" —1=0.

5. In the previous problem, prove that the product of the n roots is 2™ — (—1)".

6. Use the previous problem to solve #4 from section 3, the UNC problem.

7. Let PP, --- P, be a regular n-gon with center O, and let P be a point on ray OPj, outside
the n-gon. Prove that PP, - PP,--- PP, = OP™ — (OP;)".

6 Solving Geometry Problems Using Complex Numbers

This last problem is an example of a geometry problem, albeit contrived, that can be solved using
complex numbers. Many geometry problems can be solved using complex numbers, but you need
to have a repertoire of techniques. You probably have solved problems using Cartesian coordinates.
That method is, however, limited in the extent to which it can solve geometry problems.

In Cartesian coordinates, you solve everything with two variables « and y; in complex number
geometry, you use z and Z. Remember to express |z| = v/2Z. We’ll present this section as a series of
problems. In all of these problems, point P corresponds to complex number p, where the complex
number is lowercase and the point is uppercase. Also, let 0 = 0.



1. Give a formula to test whether z is a real number.

2. How do we know if numbers z; and 29 are scalar multiples of each other? Write this equation
without fractions.

3. Give a formula to represent Z1, Zs, and Z3 being collinear.

4. Prove that multiplication by e? corresponds to a rotation with center at O by angle 6.

5. Suppose C' is the rotation of B with respect to A by angle 6. Prove that ¢ = a4+ (b— a) cis 6.
6. Give a formula representing Z lying on the unit circle (with center O).

7. Give a formula for the statement AB 1 CD.

8. (MOP) Let ABCD and BNM K be two nonoverlapping squares and let E be the midpoint
of AN. If point F is the perpendicular foot from B to the line CK, prove that points F, F,
and B are collinear.

9. (MOP) On the sides of a quadrilateral ABC'D construct squares outwards from the sides of
the quadrilateral with centers Oq, Oz, O3, and O4 respectively. Prove that segments 0103
and 0204 are equal and perpendicular.

10. (MOP) Prove that triangles A; A2 A3 and B; B Bs are similar with the same orientation iff

as — ap b2—b1

az — ajl _bg—bl.

11. (MOP) Onssides AB, BC, and C A of triangle ABC, draw similar triangles ADB, BEC, CF A,
having the same orientation. Prove that triangles ABC and DEF have the same centroid.
(Recall that the coordinates of the centroid are simply the average of the corresponding
coordinates of the vertices.)

12. (Napoleon Bonaparte) Let equilateral triangles ABX, BCY and C AZ be constructed out-
wardly from triangle ABC', with centers D, E and F. Prove that ADFEF is equilateral.

There are countless more problems; this is just the beginning. Remember, don’t try complex
numbers on every geometry problem you see, but only those that translate easily.



