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Abstract 

We develop a method of computing nth derivatives of a single-variable function.  The method 
relies on nothing more than a simple data structure and a set of recursive functions derived from 
a table of common derivatives, as found in any calculus textbook or mathematical handbook. 
 
Introduction 
 
Traditionally, if you wanted to find the numerical value of the derivatives of a function at a given 
point, there were three approaches:  First, you could take the derivative of the function by hand, 
then plug in the value of the function and solve.  This is fine for simple functions and small 
derivatives.  Second, you could use a computer program that symbolically expands the 
derivatives.  This generally requires special-purpose software, such as Mathematica, and often a 
lot of computer resources to expand non-trivial functions.  Third, you could use numerical 
approximation methods, such as calculating ( ) D-D+ /)()( xfxf .  If D is too small, the 
numerator will yield few digits of precision or lots of noise.  If D is too large, the slope may be 
noticeably different between the two points you sample.  Handling higher-order derivatives just 
compound the difficulties. 
 
The method we present is entirely distinct.  We actually calculate the value of the derivatives at a 
given point, without using numerical approximations, and without using any symbolic 
manipulations. 
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The Method 

A differentiable function (and its derivatives) are evaluated at a specific value of our independent 
variable. 

We use a data structure to represent a single-variable function.  Conceptually, the data structure 
consists of two parts: 

   -- The value of the function at the point of interest, and 
   -- The derivatives of the function at the point of interest. 

For example, let our independent variable be x.  Let’s consider how we can represent some trivial 
functions in x. 
 

Name of 
function 

Function- 
notation 

Two-part 
representation Comments 

<zero> ( ) 0=xf  <0><zero> 
This function always returns zero.  The 
derivatives of a constant are zero. 

<one> ( ) 1=xf  <1><zero> 
This function always returns one.  The 
derivatives of a constant are zero. 

<two> ( ) 2=xf  <2><zero> 
This function always returns two.  The 
derivatives of a constant are zero. 

<pi> ( ) p=xf  <3.14><zero> 

<e> ( ) exf =  <2.718><zero> 

<sqrt2> ( ) 2=xf  <1.414><zero> 

<third> ( )
3
1

=xf  <0.333><zero> 

   

With my particular implementation, none of  
nor e nor irrational numbers nor arbitrary 
rational numbers can be represented exactly.  
These examples illustrate that we will 
represent exact mathematical functions with 
numerical approximations to the functions.  In 
these examples, the derivatives of a constant 
are zero. 

<x> ( ) | ax
xxf

=
=  <a><one> 

This function returns the independent 
variable, x, evaluated at the specific value, a.  
The first derivative of this function is 1.  The 
derivative of 1 is zero. 

<twox> ( ) |2
ax

xxf
=

=  <2a><two> 
The function is evaluated at the specific 
value, a.  The first derivative of this function 
is 2.  The derivative of 2 is zero. 

<xsquared> ( ) |2

ax
xxf

=
=  <a2><twox> 

The function is evaluated at the specific 
value, a.  The derivatives of this function are 
given by <twox>.  I.e., the first derivative is 
2a, the second derivative is 2, and the third 
and higher derivatives are 0. 
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Implementation Data Structure 

The implementation I demonstrate is written in APL, (A Programming Language).  (APL is noted 
for its extraordinary ability to process arrays and for its ease of interactive use.) 

We represent the data structure as an APL vector.  A vector is a one-dimensional array.  The 
zeroeth element of the array contains the value of the function.  That is followed by the first, 
second, and third derivatives, and so on. 

For example, if we want to calculate the first three derivatives of a function, we would represent 
the function as a 4-element vector.  If we are evaluating our functions at x=a=3, the above 
functions would be represented as shown in this table: 
 

Name of math-function / 
APL variable name 

Function-notation APL Vector representation 

ZERO ( ) 0=xf  0 0 0 0 

ONE ( ) 1=xf  1 0 0 0 

TWO ( ) 2=xf  2 0 0 0 

PI  ( ) p=xf  3. 14 0 0 0 

E ( ) exf =  2. 718 0 0 0 

SQRT2 ( ) 2=xf  1. 414 0 0 0 

THI RD ( )
3
1

=xf  0. 333 0 0 0 

X ( ) | 3=
=

x
xxf  3 1 0 0 

TWOX ( ) | 3
2

=
=

x
xxf  6 2 0 0 

XSQUARED ( ) | 3

2

=
=

x
xxf  9 6 2 0 

 
A basic rule of calculus 

Recall that the nth derivative of a function, f(x), is the (n-k)th derivative of the function’s kth 
derivative: 

( )( ) ( )( )
��
�

�
��
�

�
=

-

-

k

k

kn

kn

n

n

dx

xfd

dx

d

dx

xfd
 

This observation is one of the keys to the method, because if we know all of the derivatives of a 
function, we also know all of the derivatives of every derivative of the function. 

In fact, it isn’ t necessary to know all of the derivatives of a function.  If we want j derivatives of 
a function, f(x), it is only necessary to know j-1 derivatives of f’ (x). 
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Implementing a Multiplication Function 
 
Let’s start with multiplication of two mathematical functions, )()()( xvxuxz ×= . 
 
Evaluation of axxz =|)(  is trivial if we know axxu =|)(  and axxv =|)( .   A simple multiplication 
delivers the result.  But how do we compute the derivatives of the product?  My handbook1 
shows the following derivative: 
 

( )
dx
du

v
dx
dv

u
dx

vud
+=

×
 

 
It may be clearer to make the functions more explicit: 

 
( )

dx
xdu

xv
dx

xdv
xu

dx
xvxud

xz
)(

)(
)(

)(
)()(

)(© ×+×=
×

=  

 
Given that we have u and v and their derivatives, this leads directly to a recursive procedure for 
calculating z’ (x) (along with its derivatives). 
 
Example: 
 

Let’s say we have u(x) and v(x), along with the first three derivatives of these functions.  
(By this, I mean we have previously computed u(x), u’(x), u’ ’ (x), u’ ’ ’ (x), v(x), v’(x), 
v’ ’ (x), and v’ ’ ’ (x) all at x=a.)  We calculate z(x), as described above.  Calculation of the 
first three derivatives of z(x) is identical to calculating z’(x) and its first two derivatives. 
 

First, we calculate 
dx

xdv
xu

)(
)( × .  We need the numerical result, plus the first two 

derivatives.  We already have u(x), along with its first three derivatives, so we discard the 
third derivative.  We already have v’(x), along with its first two derivatives.  So, we can 
recursively invoke the multiplication function . 
 

Next, we calculate 
dx

xdu
xv

)(
)( × .  As before, we need the numerical result, plus the first two 

derivatives.  We already have v(x), along with its first three derivatives, so we discard the 
third derivative.  We already have u’(x), along with its first two derivatives.  Again, we can 
recursively invoke the multiplication function . 
 
Finally, we combine the two products and the derivatives of the two products.  We now 
have z’(x), along with two derivatives.  We previously computed z(x), so we can return 
z(x), along with three derivatives to our caller. 
 

                                                
1 See Burington, R. S., (Ed.).  “Table of Derivatives.”   §108 in Handbook of Mathematical Tables and Functions, 
2nd Edition,1947 reprinting.  Handbook Publishers, Inc., Sandusky, Ohio, 1940. 
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Note that each recursion reduces the number of derivatives that are carried with the 
calculation.  Recursion ceases when the number of derivatives reaches zero. 
 

Here is an actual working APL function, with annotations: 
 
   Ñ  Z� U TI MES V;

�

I O; DU; DV Define a dyadic function, with three local variables. 
[ 1]    

�

I O� 0 Tell APL our array indexes start at 0. 
[ 2]    Z� , U[ 0] xV[ 0]  Compute product, ignoring derivatives 
[ 3]    � ( 1= � U) / 0 If no derivatives, exit function 
[ 4]    DU� 1 � U Drop the first element from vectors U and V, 
[ 5]    DV� 1 � V which leaves only the derivatives of U and V. 
[ 6]    U�

- 1 � U Drop the last derivative from U and V, 
[ 7]    V�

- 1 � V since we don’t want them for the recursion. 
[ 8]    Z� Z, ( U TI MES DV) +V TI MES DU   Concatenate product and derivatives. 
   Ñ  
 
When you are satisfied that the recursive method works correctly, you may note that it is slow 
when the number of derivatives to be computed is large.  (Computing the product of two 
functions, with n derivatives would require 12 1 -+n  invocations of this recursive multiply 
function.)  You may also note the same multiplications are performed repeatedly in the recursive 
solution.  This leads to an equivalent solution involving binomial coefficients, which is much 
faster.2 
 
Here is a transcript showing some simple multiplications, evaluated at x=3: 
 

                   
 

                                                
2 See Abramowitz, M. and Stegun, I. A. (Eds.).  “Leibniz’s Theorem for Differentiation of a Product.”   §3.3.8 in 
Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, 6th Printing.  U.S. 
Government Printing Office, Washington, D.C., 1967. 
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Implementing a Division Function 
 

Next, let’s try to implement 
)(
)(

)(
xv
xu

xz =  . 

 
Evaluation of axxz =|)(  is trivial if we know axxu =|)(  and axxv =|)(  and 0|)( ¹=axxv .   A simple 
division delivers the result.  My handbook shows how to find the derivative: 
 

2v
dx
dv

u
dx
du

v

v
u

dx
d -

=�
�

�
�
�

�  

 
Again, it may be clearer to make the functions more explicit: 

 

( )( )2

)(
)(

)(
)(

)(
)(

)(©
xv

dx
xdv

xu
dx

xdu
xv

xv
xu

dx
d

xz
-

=��
�

�
��
�

�
=  

 
Here is an actual working APL function corresponding to this definition: 
 

 
 
Here is a transcript showing some simple divisions, evaluated at x=3: 
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Implementing an Exponential Function 
 
Next, let’s try to implement ( )xuexz =)(  . 
 
Evaluation of axxz =|)(  is trivial if we know axxu =|)( .   My handbook shows the following 
derivative: 
 

( )
dx
du

e
dx
ed u

u

=  

 
Once again, it may be clearer to make the functions more explicit: 

 

( )
dx

xdu
ee

dx
d

xz xuxu )(
)(© )()( ==  

 
Here is an actual working APL function corresponding to this function: 
 

 
 
Here is a transcript showing some simple exponentiations, evaluated at x=3: 
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Implementing other Elementary Functions 
 
Most elementary mathematical functions follow the same pattern.  First, we compute the scalar 
value of the elementary function, using the primitive functions of our host language.  Then we 
recursively invoke our own library of functions, as necessary, to compute the derivatives of the 
function. 
 
The plus (minus) function is simply a summation (difference) of the corresponding derivatives.  
The log functions depends on the division function.  Sine requires Cosine, which requires Sine, 
so they are interdependent.  Tangent can be implemented as a trivial one-line function by 
dividing sine by cosine.  Just keep building upon existing functions, as required. 
 
As with any mathematical function library, care must be taken in the implementation.  
Underflows and overflows are not unusual when computing high-order derivatives.  [It depends 
on the function.]  Depending on your choice of algorithm, some computations will fail 
unnecessarily.  Consider vuz = .  If implemented as ))ln(exp( uvz ´= , the evaluation will fail 

when computing 10 . 
 
Building up More Complicated Functions 
 
Major constraints are that all functions must be evaluated at the same point, using the same 
independent variable.  (There are extensions that support multiple independent variables, but 
that’s beyond the scope of this paper.)  The functions should be differentiable to the nth 
derivative in the vicinity of the point chosen for our independent variable.  Since we are actually 
computing the nth derivative, values that soar beyond the range of our number system will cause 
overflows.  This isn’ t magic.  A chaotic function will remain chaotic, even when analyzed with 
this method. 
 
Do we have to use the chain-rule for composition of functions?  The elementary functions, as 
written here, and as described in traditional handbooks, are already applying the chain-rule.  As 
long as your functions are built up using the basic elementary functions, you don’t need to worry 
about the chain-rule.  So, if you write an arbitrary function, f, that uses nothing but elementary 
functions, and you write another arbitrary function, g, that uses nothing but elementary functions, 
and if you calculate ( ) )(xgf �  as ))(( xgf , the correct result should be obtained. 
 
However, if you attempt to write your own elementary function – sqrt, for example – where you 
are explicitly calculating the scalar function-result and the derivatives of the function, then you 
must accept a general argument and you must ensure the rules of differential calculus (including 
the chain-rule) are observed.  I.e., don’t assume your argument is a constant – )(csqrt .  Don’t 
assume your argument is a simple variable – )(xsqrt .  Do assume your argument is a function of 
the independent variable – ))(( xusqrt . 
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Applications of this Method 
 
Obtaining the derivatives of a function is usually not an end in itself.  However, there are many 
applications that require the derivatives of a function.  Some of these applications include: 
 

·  Generating and evaluating Taylor Series.  (See example in Appendix.) 
·  Numerical Integration.  (See example in Appendix.) 
·  Turning an iterative solution into a polynomial.  (See example in Appendix.) 
·  An informal test of the equivalence of two functions.  (See example in Appendix.) 
·  Solving for the roots or the maxima/minima or the inflection points. 
·  The Chebyshev/Remez method for generating minimax polynomials. 
·  Solving differential equations. 

 
Conclusions 

It is surprising to most people that one can “calculate”  the derivatives of a function in a similar 
manner that one can “calculate”  the value of the function, itself.  This paper shows that it is not 
only possible, but that it is both easy and efficient.  The APL implementation shown here is 
functional, and an excellent way of prototyping or experimenting with the method.  Many 
modern computer languages have features such as user-defined data types and operator 
overloading, so implementation of this method is viable, and can even be automated, on many 
platforms and in many languages. 
 
At 4/pf = , our method takes two lines to calculate ten derivatives of ( )( )ff tansinh)( 1-=f : 

 

A third line factors out the common factor ( 2 ) from the derivatives.  We have a pretty result, 
correct to about 15 digits in all ten derivatives (before conversion to integers). 
 
Contrast our method with a typical “symbolic”  method of obtaining just the 2nd derivative: 

2

2

dx

d ( )=  

 
Or contrast our method with a typical “numerical”  method of obtaining the derivative: 

D
-D+

@
)4/()4/(

)4/(©
pp

p
ff

f , 

where a careful choice of D gives us 8 digits of precision in the first derivative. 
 
I think there are many real-world applications where this method should be considered as an 
alternative to the traditional methods. 
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Appendix A – Some Sample Applications of the Method 
 
Taylor Series 
 

Exf
n

xfxfxfxf n
n

+++++=+ )(
!

)(©©
!2

)(©
!1

)()(
2 ddd

d �  

 
Example: 
 
Obtain a Taylor Series, suitable for evaluating xe , 11 ££- x . 
 
We’ ll obtain the derivatives at 00 == xx .  Then we’ ll test the calculation at both endpoints and 
at a point near zero. 
 

 
 
As with all Taylor Series, you must be cautious that the series is convergent for your parameter 
range.  As with any truncated Taylor Series, you must be cautious that the error is within an 
acceptable bound for your application.  This was one of the most trivial Taylor Series, but the 
method is equally applicable to more complicated functions. 

 Set x to be our independent variable at 0. 
 Evaluate x and the first 10 derivatives. 
 No surprise, all the derivatives are unity. 
Divide derivatives by factorials to get polynomial coefficients. 
 
 
Evaluate the 10th degree polynomial at x=1. 
 Here’s our numerical estimate.  (OK to 8 digits) 
 
 Here’s exp(1) to 10 digits of precision 
Evaluate the polynomial at x=-1 
 Here’s our numerical estimate.  (OK to 7 digits) 
 
 Here’s exp(-1) to 10 digits of precision 
Evaluate the polynomial at x=0.00123 
 Here’s our numerical estimate.  (OK to full precision) 
 
 Here’s exp(0.00123) to 10 digits of precision 
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Numerical Integration 
 

�
+

+

++

+
+
-

+
-

+
-

+
-

=
b

a

ababab
g

ab0

0

0

11

0

22

0

1100

)(
)!1(

)(©
!2

)(
!1!0

)(
x

x

n
nn

Exf
n

xfxfxf �  

 
Note the similarities between calculating the numeric integral and calculating the Taylor Series.  
For a definite integral, the integration constant, g , cancels.  The function we calculated, along 
with its derivatives are identical to the derivative of the integral, along with its derivatives.  The 
Taylor Series formula applies, but the derivatives are shifted to the right one term. 
 
Example: 

Estimate the area of a unit circle, without using any trigonometric functions. 

 
 

We’ ll integrate the shaded area as x goes from 0 to 0.5.  Then we’ ll multiply by 12 to get an 
estimate for the entire area of the circle. 

The upper boundary of the shaded area is defined by 21 xyupper -= .  The lower boundary of 

the shaded area is defined by xylower ×= 3 .  To reduce the error, we choose to calculate the 

derivatives near the center of the range of integration.  I.e., at 25.00 =x .  Then we apply the 

Taylor Series to integrate from 5.025.0      to025.0 00 =+==-= xxxx . 

The following gives us an answer correct to 8 significant digits: 
 

 
 

  Set some constants.  And 
  set x to be our independent 
  variable at 0.25. 
 
 
 
 
The integral is just an integration constant (0), 
followed by the function and its derivatives. 
 
Our numerical estimate to 10 digits 
 
Actual value of �  to 10 digits. 
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Obtaining an I terative Solution 
 
Newton’s approximation is a well-known iterative method for calculating the square root of a 
number: 
 

��
�

�
��
�

�
+=

=

=

+
n

nn y
x

yy

xy

xy

2
1

1

0  

 
Example: 

Perform ten iterations of the above method to obtain the square root of 2.  Is the result suitable 
for use as a Taylor Series in calculating other square roots near 2? 

 
 
The precision looks pretty good.  The square root of 2.25 is exactly 1.5, which was calculated to 
at least 10 digits of precision.  The square root of 3 is correct to six digits of precision. 

Now take a look at this: 

 
 
To ten digits of precision, the iterative method and the direct calculation match ten derivatives. 
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Informally Test the Equivalence of Functions 
 
The following functions3 are used in plotting Mercator Projections of a spherical planet. 
 

( )

( )
( )

��
�

�
��
�

�
�
�

�
�
�

� +=

=

=

��
�

�
��
�

�
-
+

=

+=

-

-

24
tanln

sintanh

tansinh

sin1
sin1

ln
2
1

sectanln

1

1

fp

f

f

f
f

ff

y

y

y

y

y

 

 
Are these functions equivalent? 
 

 
 
While we haven’t proven anything, it appears these functions are equivalent.  We suspect the 
final form is equivalent, but some numerical anomaly is causing some loss of precision.  Also 
note the absence of even derivatives.  This is what we expect from an odd function. 
 
 

                                                
3 Weisstein, Eric W.  “Mercator Projection.”   From MathWorld – A Wolfram Web Resource.  
http://mathworld.wolfram.com/MercatorProjection.html.  Accessed January 20, 2008. 
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Postface 

In the fall of 1989, I received my quarterly issue of QuoteQuad.  This was a special issue 
containing the conference proceedings of a recent computer conference.  Inside those pages, was 
a short paper describing a novel method of computing first derivatives.4  All I could think was 
“Wow!  Is it really as easy as it seems?  Does it work on real-world functions?”   The author 
included a teaser referring to a forthcoming paper that would extend his method to higher 
derivatives. 

As I read Neidinger’s paper, I had been working on high-precision map projections.  Some 
calculations, such as converting latitude and longitude of a non-spherical earth to xy-coordinates, 
were very slow, and depended on the eccentricity of the earth, which varied by model.  Consider 
the relatively simple Mercator Projection for a spheroidal earth, with equatorial radius, a, and 
eccentricity, e: 

�
�

�

�

�
�

�

�
��
�

�
��
�

�
+
-

�
�

�
�
�

� +=
2/

sin1
sin1

24
tanln

e

e
e

ay
f
ffp

 

I immediately saw the potential in this new method, and I independently set to work developing 
the methods shown here, among others. 

Until about a week ago, I had never seen another article on the topic.  But going through my 
stacks of journals, I found another paper by Neidinger5.  In this later paper, he clearly calls his 
method “Automatic Differentiation” .  An Appendix to the paper includes listings of his APL 
functions for obtaining single-variable nth derivatives of the elementary functions.  Happily, his 
derivative functions look like they are equivalent to my own.  Neidinger tended to use iteration.  
I tended to use recursion. 

I decided it would be prudent to see if this method had advanced.  There is no MathWorld article 
with the title “Automatic Differentiation” , but there is a Wikipedia article.  A search of ACM 
publications, using the keyword “Automatic Differentiation”  reveals 95 articles, the oldest of 
which is dated 1991.  There are now several publications and books devoted to “Automatic 
Differentiation” , and there are several software packages that perform “Automatic 
Differentiation” .  As far as I know, the method is still not widely known, but it is receiving 
increased attention in scientific and engineering literature. 
 

                                                
4 See R. D. Neidinger, An APL Approach to Differential Calculus Yields a Powerful Tool, APL89 Conference 
Proceedings, APL QuoteQuad, vol. 19, no. 4, pp 285-288, 1989. 
5 See R. D. Neidinger, Differential Equations are Recurrence Relations in APL, APL92 Conference Proceedings, 
APL QuoteQuad, vol. 23, no. 1, pp 165-174, 1992. 


